Introduction -historical notes
In 1640 Pierre de Fermât incorrectly conjectured that all the numbers In this paper we examine admissible bases for the well-known Pepin's test, which is a sophisticated necessary and sufficient condition for the primality of Fm. It was discovered in 1877 by the French mathematician Jean François Théofile Pepin . He surely would have been surprised by how many mathematicians will have used his test for more than one hundred years until now. For instance, in 1905 J.C. Morehead and independently A.E. Western (see [5] , [10] ) found by computing the Pepin residue that the 39-digit number Fj is composite without knowing any explicit nontrivial factor. Morehead and Western also manually calculated that Fg with 78 digits is composite (see [6] ). Later F\o, F\s, F14, F20, and F22 were found to be composite by Pepin's test and by the use of electronic computers (the associated literature is given in [3] ). Moreover, recently the twenty-fourth Fermât number F24, which has over 5 million decimal digits, was shown to be composite by Pepin's test (see [2] ). This was the biggest computation ever done to obtain a simple "yes-or-no" answer. It required approximately 10 17 computer operations. The computational complexity of Pepin's test is discussed in [4, p. 322] .
Note that J. F. T. Pepin entered to the Jesuit Order in 1846. Therefore, some of his papers were published under the name: le P. Pepin, S. J., which means: Pater Pepin, Societatis Jesu.
Although hundreds of factors of the Fermât numbers and many necessary and sufficient conditions for the primality of F m are known (see, e.g., [3] ), no one has yet been able to discover a general principle that would lead to a definitive answer to the question whether F4 is the largest Fermât prime.
Preliminaries
Pepin, in his original paper of 1877, used the base (seed) 5 for m > 1 rather than the base 3 (see [7] ). The base 3 was later suggested in [8] by François Proth (1852-1879). Pepin also noted that the base 10 could be used instead of the base 5 in his test. This fact is generalized in the next lemma. Vasilenko in [9] proves that
His result and the Euler-Fermat theorem assert that Fm-\ is never a primitive root modulo a Fermat prime Fm for m > 2. The next lemma generalizes this fact. Moreover, the right-hand side of (2.3) is equal to -1 as in Pepin's test (2.1).
Which Mersenne numbers can stand as a base in Pepin's test?
The number Mp = 2 P -1, where p is prime, is called a Mersenne number. If 2 P -1 itself is prime, then it is called a Mersenne prime. Due to Proth [8] we already know that M2 = 3 is a base in Pepin's test (2.1). Aigner in [1] shows that also M3 = 7 can stand as a base in (2.1) for any m > 1. Moreover, Vasilenko in [9] proves the following result.
THEOREM 3.1 (Vasilenko). Let p be a prime of the form 4k + 3 and let Mp = 2 P -1 be the associated Mersenne number. Then the Fermat number Fp is prime if and only if

M(FP-i)/2
= _i (mod Fp).
In Theorem 3.3 below we propose other Mersenne numbers that can stand as a base in Pepin's test. In the next theorem we show that for m > 1 the number By (1.1) and the binomial theorem we observe that (3.5)
for all k = 0,1,..., m -1. Hence, F m = 2 (mod 3), which implies by (3.2) that
Now using the law of quadratic reciprocity, basic properties of the Jacobi symbol (see [3, p. Therefore, by the law of quadratic reciprocity and (3.5)
Theorem 3.3 is extended in the following proposition, which is proved in a rather different way. where the last noncongruence follows from the definition of primitive roots.
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